Abstract. In [3] we have formulated a conjecture describing the derived category D − mod(Gr GL(n) ) of (all) D-modules on the affine Grassmannian of the group GL(n) as the category of quasi-coherent sheaves on a certain stack (it is explained in loc. cit. that this conjecture "follows" naturally from some heuristic arguments involving 3-dimensional quantum field theory). In this paper we prove a weaker version of this conjecture for the case n = 2.
Introduction and statement of the results

General notation. In general we work over C.
For a (derived) stack Y we denote by QCoh(Y) the derived category of quasicoherent sheaves on Y and by D − mod(Y) the derived category of D-modules on Y. In addition we are going to denote by IndCoh(Y) the derived category of ind-coherent sheaves on Y; this category coincides with QCoh(Y) when Y is a classical (non-derived) smooth stack but in general the two are different (we are going to use [1] as our main reference for the notion and properties of ind-coherent sheaves).
Let O = C[[z]], K = C((z)). Set D = Spec(O), D * = Spec(K). By a local system of rank n on D * we shall mean a vector bundle E on D * of rank n endowed with a connection ∇ : E → E ⊗Ω 1 D * . We denote by LocSys n (D * ) the stack of local systems of rank n on D * . For an algebraic group G over C we denote by Gr G = G(K)/G(O) the affine Grassmannian of G (viewed as an ind-scheme).
1.2. The main conjecture: GL(n)-case. Let W n denote the stack which classifies the following data:
(1) A local system E i on D * of rank i for any i = 1, · · · , n. (2) A morphism κ i : E i → E i+1 for any i < n.
This stack maps naturally to the stack LocSys n (D * )) (this map sends the above data to E n ). The trivial local system defines a map pt/GL(n) → W n and we let It is worthwhile to note that W triv n is a dg-stack. The following is a slightly corrected version of a conjecture formulated in [3] : Conjecture 1.3. The category IndCoh(W triv n ) is equivalent to the category D − mod(Gr GL(n) ). This equivalence respects the natural action of the tensor category Rep(GL(n)) on both sides.
It is explained in [3] how to "deduce" Conjecture 1.3 from quantum field theory considerations. In this paper we are not going to discuss this physical motivation at all: instead we are going to present some mathematical evidence for it (mostly in the case n = 2).
1.4. The main conjecture: GL(2)-case. In this subsection we would like to strengthen Conjecture 1.3 in the case of GL (2) . First, let us ask a natural question for arbitrary n. Namely, it is clear that the category IndCoh(W triv n ) lives over
How to see this structure on D − mod(Gr GL(n) )? We don't know the answer to this question except for the case n = 2. To explain the answer we need to recall the statement of geometric local class field theory (due to G. Laumon, cf. [6] ): Theorem 1.5. There is a natural equivalence of monoidal categories
Theorem implies that the structure of "living over LocSys 1 (D * )" on a category C is the same a strong action of K × on C. Thus to answer our question for n = 2 it is enough to describe a strong action of K × on the category D − mod(Gr GL(n) ). Since the group GL(2, K) acts strongly on D − mod(Gr GL(n) ), it is enough to describe a map K × → GL(2, K). The relevant map is given by
So, we get the following conjecture: Conjecture 1.6. The category IndCoh(W triv 2 ) is equivalent to the category D − mod(Gr GL (2) ). This equivalence respects the natural action of the tensor category Rep(GL(2)) on both sides. In addition the action of the tensor category (2) ) coming from the natural projection W 2 /GL(2) → LocSys 1 (D * ) under the above equivalence corresponds to the action of D − mod(K × ) coming from the embedding η : K × → GL(2, K) defined above.
1.7. Fiberwise version. We don't know how to prove Conjecture 1.6 either. The purpose of this paper is to prove a weaker statement: namely we are going to show that the fibers of both IndCoh(W (2)).
On the other hand, assume that E is trivial. Then
where V is a two-dimensional vector space over C (this follows from the fact the the dg-scheme classifying
). Let us go back to the IndCoh story. Assume that we have a a morphism π : Y → X of (dg) stacks; assume moreover that X is a smooth classical stack. In this case the fiber of IndCoh(Y) over a point x ∈ X is described in Section 2 of [1] . We are not going to reproduce that general answer here as it will require introducing more cumbersome notation; let us just explain what this answer amounts to in the case when Y = W triv 2 and X = LocSys 1 (D * ). Let E be a rank 1 local system on D * as above. First, if E is non-trivial, then it is easy to see that the fiber IndCoh(W triv 2 ) E of IndCoh(W triv 2 ) over E is just Rep(GL(2)) as before. Let now E be trivial. Then, as was noted above we have the isomorphism
where V is a two-dimensional vector space. By Koszul duality, the category
. On the other hand, the sought-for fiber IndCoh(W triv 2 ) E is equivalent to the derived category of dg-modules over O (V×V * [2] )/GL(V) which are set-theoretically supported on
the multiplication map) satisfying the standard associativity constraint. Under this correspondence trivial E corresponds to trivial L, i.e. L isomorphic to O K × (note that L is trivial if and only if it is trivial when restricted to O × ). Given any L as above, and a category C with a strong action of K × it makes sense to consider the category of (K × , L)-equivariant objects in C. When L is trivial, this is just the category of K × -equivariant objects. Thus the following result is exactly the "fiberwise version" of Conjecture 1.6: (2) by means of the map η. Then (2) ) denote the full subcategory of the derived category of K × -equivariant D-modules on Gr GL(2) whose restriction to any connected component of Gr GL (2) is a bounded complex whose cohomology D-modules have finite-dimensional support and are coherent. Then
In particular, the equivalence (ii) extends to the equivalence between
The rest of the paper is devoted to the proof of Theorem 1.8.
Remarks. The fact that usually not all objects of the bounded equivariant derived category of D-modules (or constructible sheaves) are compact was first observed and studied by V. Drinfeld and D. Gaitsgory, cf. [4] . Also the reader should compare the last two assertions of Theorem 1.8 with respectively Theorem 12.3.3 and Corollary 12.5.5 of [1].
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the cone of dominant coweights. Fix now a non-trivial character D-module L on K × . We claim that in order to prove Theorem 1.8(1) it is enough to construct an embedding ι L from Λ + into the set of K × -orbits on Gr GL (2) such that the following 3 properties hold: 
(ii) For any λ ∈ Λ + we have
Indeed, (ii) and (iii) together imply that the map F λ ! → F λ * is an isomorphism for any λ. Hence the category of (K × , L)-equivariant D-modules on Gr GL(2) is semi-simple with simple objects
is an equivalence which is exactly what we had to prove.
So, it remains to define the map ι L and to check the properties (i)-(iii).
2.2.
The map ι L . There exists unique k > 0 such that L is pulled back from
The corresponding map ι L will only depend on k which will be fixed till the end of this Section. To simplify the notation we shall simply write Y λ for the K × -orbit of z ι L (λ) . Also we set X λ to be the intersection of Y λ with Gr SL (2) .
Let λ = (n 1 , n 2 ) with n 1 ≥ n 2 . Then we set Y λ to be the K × -orbit of the (image in Gr GL(2) of the) matrix
Here n = n 1 + n 2 .
Proof of (i).
It is enough to deal with O × -orbits on Gr SL(2) instead of K × -orbits on Gr GL (2) . Such orbits are in one-to-one correspondence with pairs This is exactly the condition that there exists a pair (n 1 , n 2 ) ∈ Z × Z such that n 1 ≥ n 2 satisfying the equations l = −k − n, m = −n 2 .
Proof of (ii).
Let us compute the convolution of F 0 ! with IC λ where λ = (n 1 , n 2 ) (the corresponding calculation for F 0 * is completely analogous). We need to show the following two things:
(1) The * -restriction
For this it is enough to compute the stalk of F 0 ! ⋆ IC λ at any point of the form
Let us fix λ = (n 1 , n 2 ), m, l and k and let
. We can assume that x is of the form
where a ∈ O × . Then
This matrix defines a point in Gr
We see that if −m > n 2 then changing a k−1 does not affect the above conditions; so, "integrating out" a k−1 first we see that
Assume now that −m = n 2 . Then unless n + l = −k the above equations have no solutions, hence the sought-for stalk is again 0. The case −m = n 2 , n + l = −k is precisely the case g ∈ X λ . In this case we must have a 0 = 1 and a j = 0 for 0 < j < k. So Z consists of just one point and
Proof of (iii).
It follows from the discussion in the beginning of Subsection 2.3 that
It follows from (b) that X 0 \X is a union of O × -orbits of dimension < k. Thus (a) implies that the natural morphism F 0 ! → F 0 * is an isomorphism.
Proof of Theorem 1.8(2)
In this Section we prove the 2nd assertion of Theorem 1.8. It is in fact a mild variation on the proof of the derived geometric Satake equivalence (cf. [2] ).
Reduction to SL(2)
. We are supposed to study the derived category of K × -equivaraint D-modules on Gr GL (2) . We claim that it is the same as the derived category of O × -equivariant D-modules on Gr SL(2) (here O × is embedded into SL(2, K) via the identification of the standard Cartan subgroup of SL (2) with G m ). Indeed, we have
The last factor acts simply transitively on the set of connected components of Gr GL(2) and the first factor preserves every connected component. Hence a K × -equivariant D-module on Gr GL(2) is the same as an O × -equivariant D-module on the connected component of 1, which is equal to Gr SL (2) . The reader must be warned that the action of O × on Gr SL(2) coming from our usual K × -action on Gr GL (2) is not the same as the action coming from the Cartan torus of SL (2) , but the latter is obtained from the former my means of the map x → x 2 which doesn't change the equivariant derived category. For the remainder of this section we shall write Gr instead of Gr SL(2) .
Koszul duality.
We let D O × (Gr) denote the corresponding equivariant derived category; since orbits of O × on Gr are parametrized by discrete set, we can work with constructible sheaves instead of D-modules.
We let D b O × (Gr) denote the bounded derived category of O × -equivariant constructible sheaves on Gr. Recall that we need to show the following:
3.4. Equivariant cohomology. Let λ ∈ Z + , µ ∈ Z. We are going to think about λ as a dominant coweight of PGL (2) and about µ as an arbitrary coweight of PGL (2) . Let us also assume that λ − µ ∈ 2Z. Then we define F λ,µ to be the IC-sheaf of z µ Gr λ (note that because λ and µ have the same parity, it follows that z µ Gr λ ⊂ Gr SL(2) = Gr). This is an object of
First, let us describe H *
O × (Gr, C). Namely, let Det denote the standard determinant line bundle on Gr. Then we have
where a is the standard generator of H * O × (pt) = H * C × (pt) and c = c 1 (Det) (equivariant first Chern class).
We can now describe H *
Proposition 3.5. Let V (λ) denote the irreducible representation of SL (2) with highest weight λ (it has dimension λ + 1). Let π λ : sl 2 → End(V (λ)) denote the corresponding map. Then the H *
where c acts by
Proof. This statement is well-known when µ = 0. To prove it for general µ it is enough to show that c 1 ((z µ ) * Det) = c + µa. It is enough to check this equality after restricting to every O × -fixed point on Gr where it is obvious.
Let us slightly reformulate this answer. Given λ and µ as above let V (λ, µ) denote the (unique) irreducible representation of GL(2), such that its restriction to SL(2) is isomorphic to V (λ) and its central character is given by µ (note that such a representation exists precisely when λ − µ ∈ 2Z). Let π λ,µ : gl 2 → End(V (λ, µ)) denote the corresponding map. Then the RHS of (1) is equal to (2) π λ,µ a 1 a 2 a .
Let us make yet another reformulation of the answer. Let
where
Hence we get the following equivalent version of Proposition 3.5:
where c acts by π λ,µ (T (a)).
3.7. The functor. We can now describe the functor F : (2)). Namely, it has the property that
where the group GL(2) acts on the RHS diagonally. We claim that in order to check existence of F it is enough to construct isomorphisms
for any (λ, µ) and (λ ′ , µ ′ ) as above (these isomorphisms must be compatible with compositions). Indeed, if we have such isomorphisms then a word-by-word repetition of the arguments of [2, Section 6] constructs the functor F (and also proves that it is an equivalence).
3.8. Computing Ext's. By a Theorem of V. Ginzburg [5] we have
Here we use the following convention: when we write Hom between two graded modules over a graded ring we consider all homomorphisms (not just those that preserve the grading).
We need to construct an isomorphism between the RHS of (4) and the RHS of (3) . Note that the former is equal to Hom between two explicit modules over the ring C[a, c] over the polynomial ring in two variables of degree 2. We would like to rewrite the former in a similar way. For this let us do the following.
First, let P denote the stabilzer of the vector (1, 0) in V. Then we claim that
Indeed, since we are computing Hom's between free modules, we can replace V by V\{0}. Since GL(2) acts transitively on the latter with P being the stabilizer of one element we obtain the above isomorphism. Now we would like to describe a functor from the category of P -equivariant coherent sheaves on V * [2] to the category of graded modules over C[a, c] which is fully faithful on free modules. The category of P -equivariant coherent sheaves on V * [2] can be thought of as the category of P -equivariant graded modules over C[x, y] where x and y both have degree 2. The group P consists of matrices
Such a matrix acts on a vector (x, y) to by means of (g t ) −1 (here g t stands for the tranposed matrix). Thus the Lie algebra of P consists of matrices of the form
and A(x, y) = (0, −ux − vy). Let us take a module M as above and let us restrict it to the line y = −1, i.e. consider the quotient M/(y + 1)M. This quotient is endowed with a natural action of C × which comes from the C × -action on M coming from the grading on M and the action coming from the embedding C × ֒→ P corresponding to matrices as in (5) with α = 0. We would like to extend this to a structure of a graded C[a, c]-module on it.
The action of a just comes from the action of x/2 on M. The action of c is characterized by the property that its action on the fiber over the point (x, −1) = (2a, −1) is given by the action of the matrix
This makes sense because this matrix kills the vector (2a, −1) and hence the corresponding one-parametric subgroup (and hence also its Lie algebra) acts on the fiber of any P -equivariant coherent sheaf over (2a, −1). Let us denote the resulting functor from P -equivariant coherent sheaves on V * [2] to graded C[a, c]-modules by F . It follows from Proposition 3.6 that this functor sends the module
To finish the proof it remains to show that F is fully-fathful on free modules. This immediately follows from the following two (easy) statements:
(1) P · {(x, −1)} = V * \{0}; (2) The stablizer of the point (2a, −1) in P is equal to the one-parametric subgroup generated by the matrix (6).
Proof of Theorem 1.8(3)
4.1. Compact objects in D − mod H (X). Let X be a scheme of finite type over C. Let also H be a pro-algebraic group over C acting on X; we assume that H has a normal pro-unipotent subgroup with finite dimemensional quotient. As before, we denote by D − mod H (X) the derived category of strongly Hequivariant D-modules on X. We also denote by D b H (X) its full subcategory consisting of bounded complexes with coherent cohomology. We would like to get a characterization of compact objects in D − mod H (X) (under some additional assumptions). The is question is studied in detail in [4] . The following lemma is an easy consequence of the results of loc. cit.:
4.6. End of the proof. To prove the "if" direction we are going to use the 4th assertion of Lemma 4.2 (note that O × is a product of C × and a pro-unipotent group). Let us assume that supp(Φ(F)) ⊂ Z V . Combining the 3rd and 4th assertions we see that (using the notation of the previous Section) we just need to check that for any even integer µ we have (8) dim Ext * (F 0,µ , F) < ∞ (here we compute Ext in the equivariant derived category). Indeed, the sheaves F 0,µ are exactly the sky-scraper sheaves at the C × -fixed points in Gr. First of all, we claim that it is enough to assume that µ = 0. Indeed, we have 
